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Asymptotic behavior of positive solutions 
to a degenerate elliptic equation in the 
upper half space with a nonlinear boundary 

condition 

Zhuoran Du 


Abstract 

We consider positive solutions of the problem 

f —div(x^Vu) = 0 in R”, , , 

I ^ on 5R!^, ^ ^ 

where a E (—1,0) U (0,1), q > 1 and := We obtain some 

qualitative properties of positive axially symmetric solutions in n > 3 for the 
case a E (—1,0) under the condition q > ^^2 • particular, we establish the 
asymptotic expansion of positive axially symmetric solutions. 
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1 Introduction 

In this paper, we consider qualitative properties of positive solutions of the problem 

f —div(a;“VM) = 0 in M” = {x G M” : Xn > 0}, , . 

1 ^ on dM” = {a: G M” : = 0}, 

where a G (-1, 0)U(0,1), g > 1, a; = (a;',a;„) G [0, +cx)), and ^ := - lima.„^o+ 

When the parameter a = 0, there had been many results about existence and qualita¬ 
tive properties of positive solutions to the problem ([2]). For critical case q = positive 
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solutions are known to exist in dimensions n > 2. Moreover, any positive solution is of 
the form (see [2] and m) 

u{x) = a\x — a > 0, = (x?,..., a;°) G M", = - -a"^. 

Positive solutions do not exist for subcritical case q < (see [I2])- Subsequently, 
Chipot-Chlebik-Fila-Shafrir [3] obtained the existence of positive solutions of ([2]) for the 
supercritical case q > Recently, under the conditions n > 2 and q > Harada 
[m established the asymptotic expansion and the intersection property of positive so¬ 
lutions to the problem ([2]). Qui-Reichel [IS] proved the existence of a unique singular 
positive axial symmetric solution for q > in u > 3. 

It is known that the problem (|2]) with a = 0 is related to the square root of Laplacian 
equation 

(-A)5z; inM'^-b (3) 

Indeed, from the well-known Caffarelli-Silvestre extension in [T] we know that if u is a 
positive solution of ([2]), then a positive constant multiple of u{x',0) =: v{x') satishes 
l|3|). Therefore the asymptotic expansion results in [11] generalize the asymptotic expan¬ 
sion results of the corresponding semilinear elliptic equation with standard Laplacian 
operator 

-An = u'', in 

in 0. ra to the square root of Laplacian operator case. 

In the general case a G (—1,0), Fang, Gui and the author in |5] obtain existence of 
positive axial symmetric solutions in space dimensions n > 3 for q > ^ . Further 

the author establish a unique singular positive axial symmetric solution ‘ipoo{x), for 
q > ’ ill > 3 for all a G (—1, 0) U (0,1) (see [B]). 

Naturally we hope to establish similar qualitative properties of the positive solution 
of ([2|) for the general case a G (—1, 0) as that for the case a = 0 in [TI]. Our main results 
in this paper are stated as follows. 

Theorem 1.1 Let q > and denote nig = Then there exists a family of 

positive axial symmetric solutions up{x) (upif]) = (d > t]) of ^ satisfying the following 
properties 

q — 1 

(i) up{x) = I3ui{(3~x)] 

(ii) up{x) < G(1 -I- 

(iii) hmp^^up{x) = ipoo{x) for x G q 7^ 

The following Theorem is the asymptotic expansion for the JL-supercritical, JL- 
critical and JL-subcritical case (see Dehnition 13. ip . 
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Theorem 1.2 (I) Let q be JL-supercritical or JL-critical. Then there exists £ > 0 such 
that for any (3 > 0 there exist Ci{(3) < 0,C2{(3) G M, such that the solutions uy of 
hold the asymptotic expansion for large r > 0 

uglyx) = + [Cl + 0{r~^)]ei{6)r~^'^‘^^^^\ for JL-supercritical case^ 

and 

uy{x) = 'ipoo{x) + [Cl Inr + C 2 + C(r“^)]ei( 6 ')r , for JL-critical case, 

where we have used the polar coordinate |x'| = rsin 6 *, Xn = rcos9, and 

(n + a — 2 — 2mq) — ^(n + a — 2 — 2mqY + A[mq{n + a — 2 — mg) + Ai] 


where A*, 6 ,( 0 ) are the i-th eigenvalue, the i-th eigenfunction of with 

ei{6)ej{6) sin"'“^ cos“ 6d6 = Sij, ej(^) > 0 . 

Moreover the asymptotic expansion holds uniformly for 6 G (0, |). 

(II) Let q he JL-subcritical. Then the solutions ug of ^ satisfies one of the following 
two asymptotic expansions for large r > 0 

1) there exists (ci, C 2 ) 7 ^ 0 and e > 0 such that 

Ug{x) = 'ipooix) + [ci sin(i^Inr) + C 2 cos{K\nr) + C(r“^)]ei( 6 *)r “^*^2 ; 

2) there exists c > 0 and e > 0 such that 

Ug{x) = fjooix) + [c+ 0{r~^)]e2{9)r~^'^’'^P^\ 
where K > t), p 2 > 0 are given by 

K = -, 

2 

(n + a — 2 — 2mq) + + a — 2 — 2mqY + 4[mq(n + a — 2 — mq) + A 2 


Moreover the asymptotic expansion holds uniformly for 9 G (0, |). 

Therefore, by using the Caffarelli-Silvestre extension, we know that our results gener¬ 
alize the results from the square root Laplacian operator to general fractional Laplacian 
operator 

(-A)"r; = 'i;^ in 

where s = G (^, 1), since a G (—1, 0). 

The paper is organized as follows. Section 2 contains some notations and an estimate 
of the inhmum Cq in generalized trace Hardy inequality, which will be used in the 
definition of JL-critical exponent in Section 3. In section 4 estimates of eigenvalues of 
an eigenvalue problem are made, which will be used in asymptotic expansions for positive 
axial symmetric solutions. In section 5 we derive decay estimates and limit behavior of 
them. Section 6 contains the proof of asymptotic expansions for them. 
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2 Preliminaries 

We say that a function u is axially symmetric with respect to the x^-axis, if it can be 
expressed by u{x) = u{\x'\,Xn) for some function u. For axially symmetric function, one 
need to introduce the polar coordinates (r, 6) 

TT 

|x'|=rsin6*, x„ = rcos6*, ^ ^ [0, —]• (4) 

We hrst recall the main results in [5] and [6]. 

Proposition 2.1 (JB!) Let q > and a G (—1,0). The problem ^ admits a 

positive axially symmetric solution u{x) satisfying uq > 0 and n(0) = 1. 

In [6], the author consider the existence of positive singular solutions of the form 

i>oo{x) = V{9)r^. 


To obtain V{9), one need to solve 


where 


r (sin"-2 0cos“01/0)e = 7l/sin”-2 0cos“0 ^ e (0, f), 
\ hm,^|l/e(0)cos“0 = P''(f), 


7 := mq{n + a — 2 — mg) > 0. 


(5) 


Proposition 2.2 (J^) Let q > ^^^^2 ® ^ ^ problem ^ admits 

a unique solution V{9) satisfying >0. 


Next we introduce some notations that will be used. Let Sf. ^ = {a; = (a;', cos 9) : 
bj' G 9 G [0, |), |a;'p + cos^ 0 = 1} be a half unit sphere. For p > 1, we dehne the 
space 


-^symv 


{Sf ) = < e : e{u) depends only on 9 and 


Psin"-2 0cos“0d0 < +cx) 


We denote 



Further we dehne the space 




n—1\ 


e G Lsy] 2 i 


{s: 


n—1 > 


iwg(sr') 


E l|9S< 


p,a 


< +CX) 


i=0 
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We also define the following operator on S'” ^ according to the norm 


^s,a ■= dgg + [(n — 2) cot6* — ata.n9]dg. 


Note that 


sin”-2 0 cos” = (sin”-^ 0 cos” 

We will establish the following elementary lemma. 

Lemma 2.1 For a E (—1,0), we have 


sin”+”-2 0d0< / sin”-2 0cos”0d0. 


Proof. Since 


sin”+”-2 0d0= / sin”+”-2 0d0+ / cos'^+^-^ 6dO 


sin" ^ 6 cos” 9d9 = / sin" 6^ cos” 6*(i6* + / cos" ^ 0 sin” 9d9, 


^n—2 n 


n—2 n '^a , 


we have 


sin"+”-2 0d0- / sin"-2 0cos”0d0 


(sin"-" 0 - cos"-" 0) (sin” 9 - cos” < 0. 


The lemma is proved. 

We introduce the space iir^(M") ;= j-u : (m" + \Vu\'^)x^dx < +cxd| , and consider 

the following minimizing problem 

/g \Vu\'^x^dx 

Ca := inf - j——j———, 

neHi(K!^) \u\^\x'\^-^dx' 

which plays an essential role to dehne a so-called JL-critical exponent in Section 3. 
Lemma 2.2 Let a E (—1, 0) and n > 4. We have 


C,> 


n + a — 3 
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Proof. One may assume that u = u{r,t) where r = \x'\ = |(a;i, • • • ,Xn-i)\ and t = Xn- 
Then 

p poo 

/ lul^lx'l'^-^dx' = {n- / u‘^{r, 0)f^+'^-^df, 

JdR" Jo 

where Un-i denotes the measure of the unit sphere in Since 

poo 

M^(f, 0) = —2 / u{f,t)dtu{f,t)dt, 

Jo 

Hence 

/ poo poo 

\u\‘^\x'\°‘~^dx'=—2{n — l)un-i / / u{f,t)dtu{f,t)f"'~^°‘~^dfdt 


'as.” 


OO / POO 


'0 ^0 

\ 1/2 / roo 


< 2{n — l)un-i / ( / (r, ] ( / {dtu{r,t))‘^r'^^°' ^dr\ dt. 


JO \J0 

We use now the inequality 

/ OO 


y 


\ 1/2 


'0 


y 


(n + a - 3)2 do 




which follows from the generalized Hardy’s inequality 


“ -dx < * 


|V«|'- 


|a;| 2 ( 6 +i) - (d - 2 - 2b)‘^ Ud \x\ 


2b 


dx. 


We obtain 

[ \u\‘^\x'\'^-^dx' 

JdRl 

4(n - l)uJn-i 


OO / roo 


< 


< 


n + a — 3 
2{n - l)un-i 
n + a — 3 




\ 1/2 


'0 V^o 

^oo poo 

lo Jo 


y 


5 \ 1/2 

((9tM(f,t))V”+“-2df dt 


y 




(7) 


We introduce the coordinates (r, 6) 

f = rsm6, t = rcos6. 

Then one has 

/ CxD poo 

/ [{dfu{f, t)Y + {dtu{f, t)Y]f"'~^°'~‘^dfdt 


>0 Jo 

POO 


^n+a—1 


I Vti(r sin 6*, r cos 6*) f ^ d9 dr. 


( 8 ) 
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We may further assume that |VM(rsin 6 *, r cos0)p = |VM(r cos^jrsin^)!^. From this, 
using the similar argument of Lemma 12.11 we obtain 


^n+a—1 


|Vu(r sin 6 ',r cos 6 ')psin”'''“ d9 \ dr 


< / r 

Jo 


n+a—1 


|Vu(rsin 6 ',r cos 6 ')f sin” ^ cos°‘6dO dr 


Note that 


(9) 


I ^n+a ^ |VM(r sin 6 ',r COS 6 *) 1^ sin” cos°'9 d9 ] dr 

1 


(n - l)0Jn-l 


\Wu\ x°;^dx. 


( 10 ) 




Hence, from fl7|)- ffT0D . we have 


uPb'l” ^dx' < 


n + a — 3 


\SJuyx^dx. 


The proof of this lemma is complete. 


Remark 1 This lemma generalize the eonclusion that Cq > for the case a = 0, 
which is obtained by Ddvila-Dupaigne-Montenegro in W- 

We dehne 


hn,a ■ 


(n + a — 2)^ 


Next we show that hn,a is the hrst eigenvalue of the following eigenvalue problem 


TT 




^ 5 ,ae = Ae, 6 *g( 0, —), lim 651 ( 6 *) cos” 6 * = C'ae( — ). 


2' 


( 11 ) 


To this end, we introduce the space 


^) := < 6 : / {e^ + \Vs^\^)dL>J = / (e^ + | Vsep) sin” cos>°'9d9doj'< +00 \ ^ 

y Js^-^ 

where Vse is a gradient of e on 5?“^. We consider a minimizing problem 


Cs := inf 

eeHi(S"-L 


il iT2 • 


( 12 ) 
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where ||e||^ 2 ( 5 "-i) /g^-i e^(6*) sin" ^ cos°‘9d9du'. For simplicity of notations, hereafter 

we set 

TT 

h/i := sin"“^ cos“ 6*^0, e_B := e( —). 

By a trace inequality, it is verihed that there exists a minimizer e G of flT^ 

satisfying e{9) > 0 and 

- As,ae = hn,ae, 9 G (0, ^), lini e0{9) cos“ 9 = CsCb- (13) 

/ 2 

Since e{9) > 0, then hn,a is fhe first eigenvalue of this problem. Therefore, for problem 
(HD. to prove Ai = hn,a we only need to show Cs = Ca- 


Lemma 2.3 Cs = Ca- 

Proof. Let u G We have 

[ \u{x'.,0)\‘^\x'\°‘~^dx' = [ ||M(r, •) 


1 2 n+a-3 

lL2(a5"-L 


dr. 


By the definition of and the generalized Hardy inequality, one has 

poo poo p 

Cs I \\u{r,-)\\l 2 (^gs^-i)r"‘^‘'~^dr < j J - hn,au‘^)r"‘^''~^dudr 


< 


{r-‘^\Vsu\^ + ul)r^+'^-^dudr. 


>0 Js'l 


Note that |Vnp = ul + r we obtain 


Cs / \\u{r, 


iL2(as!f-L 


rn+a-idr< / \Vufxyx, 


which gives that Ca > Cs- 

Next we show Ca < Cs- We need to construct a sequence {ui}i^N C H^(Wf) such 
that 

/ \Vui\‘^x^dx 


lim 


la 


l-aa^r, I P I X'I “ ^ dx' 


= c. 


s- 


(14) 


To this end, we set 


e{9)iC+°’-‘^y'^ if rG[0,l/i), 

Ui{x) = e(6*)r("+““^i/^ if r G [1/i, 1), 

x{r)e{9)rC+'^-‘^)/‘^ if rG[l,cxD), 


(15) 



where e{6) is a minimizer of (IT^ and x(r) is a cut-off function such that x(r) = 1 for 
r G [0,1] and x(^) = 0 for r G [2, cx)). Calculation shows that 



\Vui\‘^xldx = Cs||e||^2(g_g„-i^(lni) -h 0(1) 


and 





Hence we obtain flT^ . We complete the proof of this lemma. 


3 JL-critical exponent 


We introduce 


J(q) := inf 


fun \Vu\^x^dx - q ^u^dx' 

j /} f 2 CL — 1 ry^f 

J^l^n I ht I 1*^ I UjJj 


(16) 


Substituting the explicit expression of = V(9)r<i-^ into flTbl) . we have 

J{‘l) = c. - gvr\ 


Definition 3.1 We say that an exponent q is JL-supercritical if J{q) > 0, JL-critical if 
J{q) = 0 and JL-subcritical if J{q) < 0. 

Remark 2 Hence, an exponent q is JL-supercritical if Ca > qV^~^, JL-critical if Ca = 
qV^~^ and JL-subcritical if Ca < qVf^~^. 


Next we will show that q is JL-supercritical if q and n are large enough, and q is 
JL-subcritical if q is close to 

^ n+a—2 

Lemma 3.1 There exists uq & N and qi > such that for n > uq and q > qi we 

have Ca > qV^~^. 


Proof. Integrating (jS]) over (0, |), we have 

TT TT 

1/J = lim Ve(6*) cos“ 6* = 7 j V{9)dyi<'j j VBdja, (17) 

Jo Jo 

where in the last inequality we used the fact that Vg > 0. Hence we have 


qVf^ < gy 



dpi = qmq{n J- a — 2 — mq)In^a, 


TT 2L rt 

where In,a '■= dp, = sincos“ 0(70 — )■ 0 as n — )■ J-cx). Note that for q > qi we 
have qrOq = g^5f ^ C*, where C is a positive constant independence of n. On the other 
hand, by Lemma YUR one has Ca > So qmq{n J- a — 2 — mq)In,a < Ca for large n. 

Hence the result of this lemma is true. 
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Lemma 3.2 For n > 3, there exists go > ri+a -2 ^ '?^s ^ *? ^ 

[ n+a° 2 ’ ^o)- Furthermore, in these low dimensions n = 3,4, 5, 6, we have Ca < for 

anyq>^^. 

Proof. By the explicit expression of 7 and h^^a, h is easily seen that h^^a > 7 for 
q G [ 777 ^,+ 00 ), moreover, the strict inequality holds unless q = 777 ^- Let e{9) be a 
positive solution of flT^ with cb = Vb- We set W{9) := e{9) — V{9), then we have 

Wee + (n — 2 ) cot ^hhe — atan 6 *hFe > yW in ( 0 ,|), 

W = 0 on {|}. 

We claim that 

W(0)<O in (0,|). 

First we suppose that W(0) > 0. Note that lirng^o 7 ^^ = hme^.o _ ,,yyy^j. 

By this and (flSj) . we have (n — l)Wee(O) > 7 W( 0 ) > 0. Since We(0) = 0, there exists 
5 > 0 such that We > 0 in (0,5). Due to = 0, there exists 6*0 G (0, |) such that 

W{9o) > 0, We( 6 *o) = 0 and Wee( 6 *o) < 0. However, these contradict with (ITSD . Hence 
we obtain W(0) < 0. Now we suppose flT^ is false. Then there exists 6*1 G (0, |) such 
that ^(^i) > 0 , Weifii) = 0 and Weeifii) < 0 , which contradict with flTSl) again. Hence 
the claim flT^ is proved. 

Multiplying the equation in the following problem 

TT 

-As,ae = hn,ae, 9 G (0, -), lim ee{9) cos“ 9 = CaCB, 
by sin”"^ cos“ 9 and integrating over (0, |), we obtain 

TT 

CaeB = hn,a [ e{9)dfi. (20) 

Jo 

From flT7)) . (120|) and the assumption cb = Vb, we have 

( TT TT 

qj r V(e)di,-K,,r e(e)di. 



(18) 

(19) 


From flT^ we have 


gl/J ^ - Ca > 14 ^(gy - hn,a) [ e{9)dfi. 

Jo 

Then to prove qV^~^ > Ca, we need to show gy > hn^a- From the explicit expression of 
y, we have 


g7 - K,a = 1 - a + 


(n + a — 2) — 


n + a — 2 


( 21 ) 
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Now we choose q = in (1^ . then we see that 57 — hn,a > 0. Hence by a continuity 

principle, there exists go > 777 ^ such that gy — hn,a > 0 for g G [777^,go), which 
shows the first statement. 

Next we prove the second statement. We regard the right-hand side of fl2Tl) as a 
function G of Then g > 777 ^ is equivalent to G (0, Hence 


inf {qj - hn,a) = inf G'(r), 

n — a cfn —2 i 


( 22 ) 


where G{t) := (1 — a -|- T)((n + a — 2) — t) — . Elementary computation shows 

that, for n = 3 

• r N + 1 - 

mf G(r) = G{ -) =-> 0, 


n + Q —2 1 


and for n = 4 


re(o,^ 


int G(r) = G(^i±^) = > 0, 

rg( 0 7 +g~^ ] 2 2 


For the case n = 5, if a G (—1, —I], we have 


,nf ^G(r)=G(!i±f^) = h±^|l^>0, 

re( 0 ,^i±f=^] 2 2 


and if a G (—|, 0), we have 


inf G{t) = G'(O) = ^ > 0 . 


r 6(0 


For the case n = 6 , if a G (—1, —|], we have 


• f ryr \ + (4-ha)(l-a) 

mf G(r) = G{ ---) = ^^ > 0, 


^g( 0 , n + a -2 


and if a G (—|, 0), we have 


inf 

re(0,2i±|ii2 


G{t) = G{0) = 


(4 -|- a) (—a) 


> 0 . 


As for the case n > 7, we have inf^g^Q ™+a^] G(r) = G'(O) < 0. 
The proof of this lemma is complete. 
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4 Estimate of eigenvalues 

In this section we will make some estimates for the eigenvalues of the following problem. 




= Ae, 9 e (0, -), lirn ee{0) cos“ 9 = qV^ e^. 




(23) 


We denote by Aj, ei{9) the i-th normalized eigenfunction such that 

/■f 

/ ei{9)ej{9)dn = 6ij, Cis > 0 . 

Jo 

First we give estimates for the hrst eigenvalue for this problem. 
Lemma 4.1 Ai < —7 and 

Ai = — if q is JL-critical; 

Ai < — if q is JL-subcritical. 

Proof. For the first eigenvalue Ai of (123|1 . it is characterized by 


Ai = inf 

ee«l(S"-b 


\\dee\\la-qV^ 


B 


(24) 


12 ,a 


Recall that V{9) is a positive solution of ([S]), then —7 is the first eigenvalue of the 
problem 


TT 


A^.aC = Ae, 9 e (0, -), lim ee( 6 ') cos“ 9 = e^. 




Hence 


— 7 = inf 


\\8ee\\\a - rj ‘e| 


(25) 


12 ,a 


By (Elj), fl25|l and the fact g > 1, we obtain that Ai < — 7 . 

In Section 
hence we have 


In Section 2 we have proved that hn,a = — jg the first eigenvalue of (ITTll . 


(n + a — 2)^ 


inf 

eenl(Sf-^) 


\\9ee\\L - Cae% 


\ 2,a 


(26) 


By Remark [21 fl2^ and fl26l) . we obtain the rest results of this lemma. 

We set 

(T := (n + a — 2) — 2mg. 

Elementary computation shows that + 4(7 + Ai) = {n + a — 2)^ + 4Ai. From this and 
Lemma 14.11 we obtain the following lemma. 


12 











Lemma 4.2 One has 

cr^ + 4(7 + Ai) >0 if q is JL-supercritical; 

+ 4(7 + Ai) =0 if q is JL-critical; 

cr^ + 4(7 + Ai) <0 if q is JL-subcritical. 

Next we show that the second eigenvalue of fl2^ is positive. 

Lemma 4.3 It holds that A 2 > 0. 

Proof. Let 62 ( 0 ) be a a corresponding eigenfunction with 62 ( 0 ) < 0. By Strum’s compari¬ 
son theorem, 62 ( 0 ) has just one zero in (0, |), which is denoted by Oq. Then dge2{9o) > 0. 
Clearly dee2{0o) 7 ^ 0. Hence dge2{0o) > 0. Multiplying (1^ by sin”“^ 6*0 cos“ 6*0 and inte¬ 
grating over ( 0 , 6 * 0 ), we obtain 


dge2{9o) - „_2 


-Aq 


^^0 


sin 


6*0 cos“ 9o Jo 


e2{9)dqi, 


which gives that A 2 > 0 . 

5 Decay estimates and Limit behavior 

In this section we will prove Theorem 11.11 

Recall that from Proposition 12.11 (1^ admits a positive axial symmetric solution u{x) 
satisfying n(0) = 1. We set Ui{x) := u{x) and 

q — 1 

up{x) := I3ui{(3^x). 

Then up{x) is a positive axial symmetric solution of ([2]) satisfying Uj^ifS) = (3. Hence 
Theorem 11.11 (i) is proved. 

Now we will follow the idea in [TT] to prove Theorem 11.11 (ii). We denote a positive 
axial symmetric solution of ([2]) as u{x) = u{r,9), which satishes uq > 0. Then we need 
to prove the decay estimate 


We dehne 

Then v(t, 9) satishes 


u{r,9) = u{x) < C(1 -I- |a;|) 

1 — a , 

v(t,9) := r'^u{r,9), r := e . 


( vtt + (yvt - 7n + = 0 in M X (0, |), 

^ lim.o^jLVgcos"'9 = v%{f) on M, 


(27) 


(28) 
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where a is the positive constant dehned in the previous section. To prove the decay 
estimate we need to show that v{t, 6) is bounded on M+ x (0, |). We set 


v{t) := 



n(t, 


We will hrst show that v{t) is bounded on M_|_. 

Multiplying (j28|l by sin"”^ 6 cos“ 6 and integrating with respect to 0, we obtain 


vtt + o-vt - 'yv + v% = 0. (29) 

For problem fl2^ . the following lemma is obtained in |11] . 


Lemma 5.1 Let v{t, 6) he a positive axial symmetric solution of (d^) satisfying vg > 0. 
Then v{t) is bounded on M+. 


In order to prove that v(t,9) is bounded on M+ x (0, |), we need to establish an 
apriori estimate for the following problem 

du 

— div(x“V m) + c(a;)a;“M = 0 in Bf, -^—^ = F{x')u on dDi, (30) 

where Bf := {x G M" : |x| < 1}, Di := {x G : |a:| < 1}. We will borrow the 
method used in Theorem 8.17 in [8] (see also in m) to prove the following apriori 
estimate. 


Lemma 5.2 Let u{x) G be a weak solution of F G Lp{Di) for some 

p > Then there exists C > 0 depending on n, a, ||F’||ip(£)p and ||c||£,oo( 5 +) such 

that 

ll“llL-(iJ+2) < C'll“llL2(iJ+)- 


Proof. Let x(|a;|) be a smooth cut-off function satisfying x(|a;|) = 0 for |x| > 1 and 
set c = ||c||^oo(B+). We denote = max{M,0}, U- = max{— m, 0}. Multiplying the 
equation in fl30ll by u\.x^{k > 1) and integrating over Bf we obtain 


Ak 

{k + lf 


\Vu 


(fc+l)/2|2^2^a^^ 




< f u’l\Vu+\\Vx^\Xndx + c f + [ F{x')u^^x^dx'. (31) 

JBf J Bf Jdi 


Let p' = be the dual exponent of p. Since p > yzy, then 2 < 2p' < We 

denote 2* := ■ Then there exists a G (0,1) such that ^ = | + 

Holder inequality and an interpolation inequality, we have 


'Di 


F{x')u’!l^^X^dx' < ||F||i,p{Di)|Iw 


xll 


L2p'(Di) 


<\\F\\lp{Di) -t-£ ^ 


-lulu (fc+l)/2 


\u 


X||l2{Di) 


1 2 
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Since a G (—1,0), the following trace inequalities hold 


C 




where 74(£,<^) > 0 is chosen small enough as £ 74(e,^) < e. Hence we obtain 

[ F(i>t+‘x'W < I|F|Il.(d.) + C(B)||«r‘’''hlliJ(Bf) 

J D\ 

From dMJ and (|321l, choosing — (||F||Bp(Di))“^2Ct+IF’ obtain 


(32) 


|V(^(fc+i)/2^)|2^a^^ < C'(n,a, \\F\\LP(Di),c){k + l)'^ I m++^(x+ l^xD'^Kdx 

Jb+ 


lB+ 


From [To], we know that there exists some v > 2 such that for 2 * := one has 


ll“F‘’'kllir(Bj) £ ll^’llir(D.),c)(b + l)||ur‘'"(x + |Vxl)llr, 2 (B+,. (33) 

It is now desirable to specify the cut-off function y more precisely. Let ri, r 2 be such 
that \ <ri<r 2 <\ and set y = 1 in il+, y = 0 in with |Vy| < 77 ^- Writing 

rj := we then have from 

' v—2' 


(k+l)/2. 


r2—ri 




{k+l)/2\ 


(34) 


Let us introduce 


;= ( / M^Kdx 


'b:: 


Due to the fact that J^+ x^dx < cx), it is verihed that 


$(-|-cx),r) = lim <I)((5, r) = supM+, $(—cx),r)= lim <h(5, r) = inf m+. 

5^+cxd 5^-00 Bt 


B? 


From (1341) we have 


^{rj{k -I- 1), ri) <C{k+ 1 ) ('=+i)<F((/c -|- 1), r 2 ). 


(36) 


This inequality can now be iterated to yield the desired estimates. Hence, taking <5 > 1, 
we set A; -|- 1 = 'q'^5 and = 2~^ -|- i = 0,1,..., so that, by fl35|) we have 

4(>)‘3.1) < (C,,)"C.ii-*4,(i, 1) = C4,(a, 1), 

where C depending on c, a, n, <5. Consequently, letting i tend to inhnity, we 

have 


15 








Let us now choose S = 2, then 

II'^+IIl°°(b+2) — ^II'*^+IIl2(b+)- 

By the same way, we can obtain the estimate for m_. 

We complete the proof of this lemma. 


Remark 3 Similar estimate as that of Lemma I5.gl had been obtained by Fabes-Kenig- 
Serapioni (Corollary 2.3.4)- 

Lemma 5.3 Let v{t, 6) be a positive axial symmetric solution of satisfying vg > 0. 
Then v{t,9) is bounded on M+ x (0, |). 


Proof. We apply a test function method to prove a boundedness of v(t, 9). Let x(t) be a 
cut-off function with a compact support in M+. Multiplying fl28|) by v ~2 (t, 9)x^ sin”“^ 9 cos“ 9 
and integrating on M_|_ x (0, ^), we obtain 



- 1 - 


X^dt < C 



+ Xt)dTdt. 


(36) 


We need to use the following trace inequality for a two dimensional domain ( 01 , 02 ) x 
(& 1 ,& 2 ) 

L ^ 

pa2 / ra2 ro2 \ 2 

/ \(){^l,b2)\°‘dfi <Cai / [0^ + <(>1^ + (l>l2\^f,2df,l j , 

J a\ \J ai ^ 6i / 

where a > 1 and Cq, > 0 is a constant depending on a, 02 — Oi and 62 — ^ 1 - Applying 
this inequality with 0 (^i,^ 2 ) = '^^(^ 1 ,^ 2 ), Oi = r — 1 , 02 = r -f- 1 , 61 = |, 61 = |, then 
we obtain 

1 / /-f 1 3 

J Iv^l^^dt < Ca ij J [v^ + + VQ)]d9dt 

We take a cut-off function x(t) such that x(f) = 1 if t € [r — 1, r -|- 1] and x(f) = 0 
if f G M\(r — 2,t + 2). It is clear that sin 6 ' > ^ for 9 E [|, |], and cos“ 9 > 1, since 
a E (-1,0). 

Hence from fl36l) . for a > 1, we have 




^dt < Ca 



<Ca 



where in the last inequality we have used Holder inequality. Therefore, from Lemma 
15. H for a > 1 there exists Ca > 0 independent of r > 0 such that 



°‘dt < Ca- 
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Then from Lemma 15^ we deduce that v(t, 6) is bounded on M+ x (0, |). 

The proof of this lemma is complete. 

In the rest of this section, we will prove Theorem 11.11 (hi): the limit behavior of 
positive axial symmetric solutions. 

Recall that v{t,9) satishes fl28ll . Note that a, 7 > 0 if g > 777 ^- We dehne the 
following energy function E{t) associated with fl28|l by 

m ■= \\\aM\l. - ||I<'IIL - \\\a,v\\l, + 

Simple calculation shows that 

dtE{t) = -(T\\dtv\\\^. 

Lemma 5.4 Let q > 777 ^ and v{t, 6) he a positive hounded solution of (d^) with 
limt^_oo = 0. Then one has 

lim v{t,6) = V{6) mC[ 0 , 7 r/ 2 ]. 

t^+00 


Proof. From the boundary condition in fl28|) . a G (—1,0) and the result that v{t,9) is 
bounded on M x ( 0 , 7 r/ 2 ), we have velf, |) = 0. The elliptic regularity theory assures a 
boundedness of dtv{t,9) and dov{t,9). Hence we deduce that E{t) is bounded and 

v^dfidt = lim E{t) — lim E{t) = — lim E{t) < 00 . (37) 

Let {tijigiv be any sequence satisfying limj^oo^i = +00 and set Vi{t,9) = v{t + ti,9). 
Then there exists a subsequence of {ti}i^N, which is still denoted by the same symbol 
such that Vi{t,9) converges to some function Vooit,9) in C'([—1,1] x [ 0 , 7 r/ 2 ]). By fl37|l 
we hnd that dtVao{t,9) = 0. Then we denote Vooit,9) =: Voo{9) and Voo{9) satishes 


0 < a 


—'yv + AsaV = 0 in ( 0 , 7 r/ 2 ), lim cos“ 6 ^ = 

By hmt^_oo E(t) = 0 and (|37jl . we have lim^^oo E(t) < 0, which yields that the limiting 
function Voo{9) is not a trivial one. Hence by Proposition 12.21 we deduce that Voo{9) = 
V{9). Therefore we obtain the result that limj^oo 6^) = V{9) in C'[0,7r/2] for any 
sequence {tijigAr converging to + 00 . Hence 

lim n(t, 0) = 1/(6') inC[ 0 , 7 r/ 2 ]. 


The lemma is proved. 

Proof of Theorem } 1. 1\ fin) Recalling that = V{9)r~ andM^(a;) = f3ui{(3^x), 

we have 


\u^{x) - = 


(3ui{(d~^x) 


V{9)\x\-^ 


a — 1 
1 


ni(/9i-“x) — V{9) 


X 9-1. 
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Note that limi^_oo t’(t, 0) = 0, since u is bounded. Then the condition hnit^_oo E(t) = 0 
in Lemma [5.41 is true. Hence by Lemma [5.41 we have 

lim \up{x) - tl)cyo{x)\ =0, X 7 ^ 0. 

/3^+oo 

We complete the proof of Theorem 11.11 (iii). 


6 Asymptotic expansion 


In this section, we will prove Theorem 11.21 We need to study the asymptotic behavior 
of 


6 ) = V{6) — v{t, 9). 


Note that w(t, 6) satishes 


f wtt + (TWt -'yw + As,aW = 0 
\ lim^^i We cos“ 9 = qv%~^WB + giws) 

where g{w) is given by 

g{w) = v%- {vb - wf - 

Since is spanned by the eigenfunctions {ei{9)}i^N of ([23]), then w{t,9) can 

be expanded as 

OO 

w{t, 9) = 

i=l 

Multiplying the equation in (j2^ by ei{9) 9 cos°‘9 and integrating with respect to 

9 on (0, |), we obtain 

z” + {'y + Xi)zi = (39) 

where fi{t) := -g{wB{t))eiB. 

We hrst consider the case i > 2. Recall that Lemma [4.31 shows that A, > 0 for i >2. 
Hence the corresponding quadratic equation 


in M X (0, |), 
on R, 


(38) 


+ crp - (7 + \) = 0 


(40) 


to ([39]) admits two real roots 


-a 




Pi = 

Note that p~ < 0 < pf. From mi we know that for i >2 

pPii- rt 


(41) 


Zi{t) = Xi(0)e^“ 


Pi * _ 


^0-2 + 4(7 + Xi) Jo 

t y~.p~t poo 

/ _L 


(e -e ")fi{s)ds 


^ 0-2 + 4(7 + Xi) Jt 


e Pi "fi{s)ds. 


(42) 
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For the case i = 1, by Lemma W?2[ (13^ admits two real roots < 0 if g is 

JL-supercritical, just one root pi = — | if g is JL-critical and admits no real roots if g is 
JL-subcritical. Hence we obtain for the JL-supercritical case 


Ziit) 




^i(O) Pi^i(O) f^p+t _ 
v/a^ + 4(7 + Ai)^ ^ 



X _ e(2pi -i-o-)(t-s) 

^0-2 4(7 Ai) 




(43) 


for the JL-critical case 

zi(t) = ^i(0)e^i* -F (^j(O) - pi^i(0))te^i* + [ {t - (44) 

Jo 

and for the JL-subcritical case 

Zi(t) = ^ {^Zi{Q) + 2:^(0)j (siniFt)e“'^* + 2:i(0)(cosiFt)e“^* 

-I- [ [(siniFf)(cosiFs) — (siniFs)(cosiFf)]e“ fi[s)ds, (45) 

K Jo 

where K, given in Theorem 11.21 is the imaginary part of a root of p'^ + ap — + Xi) = 0. 

To prove Theorem 11.21 we need to establish the following proposition. 


Proposition 6.1 (i) If q is JL-supercritical, then there exists .^1 > 0 and e, C > 0 such 
that 

\\w{t, 9) — Iloo < t > 0; 

(a) If q is JL-critical, then there exists .^1 > 0, .^2 £ 1^ and e, C > 0 such that 

\\w{t,9) - (6^+ 6)e-"*/'ei|U < t > 0; 

(in) If q is JL-subcritical, then one of the following two expansions holds. 

(iii-1) there exist (^ 1 ,^ 2 ) 7^ 0 and e, C > f) such that 

||tc(f,6') — (,^i(siniFt) -I-,^2(cosiFt))e“'^*'^^ei||oo < t > 0; 

(iii-2) there exist f ^ f) and e, C > f) such that 

||u;(t, 9) - ee^’^'^ealloo < Ce^P^-^^\ t > 0. 

As a consequence of Proposition 16.11 we immediately obtain Theorem 11.21 
Proof of Theorem li.M We only show the proof of JL-supercritical case in Theorem 
01 since the proof of the rest part is similar. Let g be JL-supercritical and set pi = Ipj*"!. 
By Proposition 16.11 we obtain 

\\v{t,9) - (H-6e-"^'ei)|U < Ce-^P^+^^\ t > 0. 
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Going back to the original variable, we obtain 

u{r, 6) = Viey-^^ - r » 1. 

Plugging the explicit expression of a and 7 into fHTl) . we obtain the explicit expression 
of pi, which coincides with the expression in Theorem 11.21 
Now the remaining task for us is to prove Proposition 16.11 
First we show that w(t, 6) decays exponentially as f —)■ + 00 . 

Lemma 6.1 There exists e, C > 0 such that 



t > 0. 


Proof. From (H2l) . we obtain for i >2 



By a trace inequality 



we have 



Therefore, since ||ei|| 2 ,a = 1, we deduce that Then we have 



Recalling that fi{t) = —g{wB(t))eiB, we obtain 



Since |pj |, \p'l\ > C\fXi for some G > 0, we have for i > 2 
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where (^(s) := \\d 0 w{s, Ollia- Applying Strum’s comparison theorem, we can obtain the 
following estimate of the eigenvalues of problem fl2^ 

< Aj < 6*2?^, V i > 1, 


where Ci, C 2 are positive constants independence of i. Hence we have 

00 


1=2 


+ 


^-p+(s-p 


V^(s)||w(s,-)||Lc^s). 


Similarly, from (03])-(05]), we obtain 


Ce'^Pi * -I- C/g e^i ')\\ 2 ,ad-^ if Q is JL-supercritical, 

+ C f*(t — ■)\\ 2 ,ads if q is JL-critical, 

_|_ Q •) Ilgams if q is JL-subcritical. 


Hence there exists 5 > 0 such that 

ct 


\\w{t,-)\\\^<Ce + *V(s)lk(s, onlays + e *V(s)||w(s, 

By Lemma W?2\ stated below, we deduce the desired conclusion. 

Lemma 6.2 Assume r]{t) and ip{t) are positive continuous functions defined on 

M+ converging to zero as t ^ -|-oo. Moreover ri{t) satisfies 


T]{t)<Ce ^ yj ^ ^'^'p{s)p{s)ds + J e ^^ip{s)p{s)ds 

for some 5 > 0. Then there exists £ > 0 such that p(t) < Ce“^h 

Next we will show more precise decay rates of ||tc(t, Olh.a- 

Lemma 6.3 There exists C > 0 such that for t > 0 

ifq is JL-supercritical, 

C(1 -|- if q is JL-critical, 

^g-(Tt /2 JL-subcritical. 

Proof. Repeating the argument given in the proof of Lemma 16.11 we have 

00 „t 

V|zi(t)p < Ce=<';‘ + C(/ e'';<‘-V(s)lk(s.-)IIL<i!s 

i.t ■'» 


t > 0 


+ 


^-p+{s-t) 


¥^(s)lk(sr)llLc^s). 
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Since w(t, •) is uniformly bounded in ^), by an interpolation inequality, it holds 

that 

\\d 9 w{t, Ollla < C\\w{t, •)|| 2 ,a||w(t, •)|lH2(S~-b < C\\w{t, ^Ih.a- 
Recalling ip{s) = ||96i'if(s, Ollia) by Lemma lOl we have for /c > 2 

OD 

k*(t)r < 

i=k 

From fH2|) - (H5|) . we have that for 2 < i < A; — 1 

/ t POO 

g-p-.g-3es/2^^ + 

< + e-^"b 2 ] < + e-^"b 2 ] 

and 


C[eP'^^ + e-3£b2] if q is JL-supercritical, 

ki(t)| < (^[(l + + e“^^b2] if q ig JL-critical, 

(j^^-at /2 _|_ g-3et/2j if ^ ig jL-subcriticah 

We choose k>2 large enough such that |p^| > 2|p^|, then we obtain 

CXD 

y' + 


(46) 


3£0 


(47) 


4 = 2 


We hrst consider the JL-supercritical case. If e > from fH^ - fH7|) we know that 
this lemma is true. If £ < from fHB]) - fH7D we know that 

lk(L-)l|2,a<C'e-3"b2_ 

Repeating the above procedure, if from (now the quantity e 

in these inequalities should be changed into the quantity y), we know that this lemma 

is also true. If e < we know that 

lk(t,-)l|2,a<C'e-®"b4. 

After repeating such procedure hnite times, we can obtain 

lk(A, Olh.a < C'e"^^h 


Therefore we complete the proof of the JL-supercritical case. The JL-critical case and 
JL-subcritical case can be proved similarly. 

Furthermore we see that the decay rate of ||tc(t, 011 2 ,a given in Lemma f6.3l is exact 
one. 
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Lemma 6.4 There exists ^2 € IR and e, C > 0 such that for t > 0 


\\e~^^^w{t, ■) — ^iei||2,a < Ce~^* ifqis JL-supercritical, 

•) — {fit + ^ 2 )ei|| 2 ,a < Ce~^^ ifqis JL-critical, (48) 

||gO-i/2y^(^^ •) — (^isin(i^t) + ^2 cos(i^t))ei|| 2 ,a < Ce~^^ ifqis JL-subcritical. 

Moreover the norm || • ||2,a can he replaced by the norm || • ||oo- 


Proof. By Lemma [6.31 and (071), for the JL-supercritical case, we have 

00 

^ < C[e^^2 * -1- 

i=2 


Hence it is sufficient to estimate zi{t). Similarly, we also only need to estimate zi{t) in 
the JL-critical and JL-subcritical case. 

We hrst consider the JL-supercritical case. We set zi{t) = e^i ^yi{t). From ([39]), yi{t) 
solves 

y'l + (2p+ + a)y[ = e-'-f'/,. (49) 

Then since -|- {2pf -|- a)y'i\ = {e^'^Pi+P^y'f)' = we have 

y[{t) = y[{ 0 )e-^^Pt+pt + f e^pt+Pj^(s)ds. 

Jo 

Hence by Lemma [ffi3l there exists £ > 0 such that \y'i{t)\ < Ce~^^, which yields that 
limt^+oo 2/i(t) exists. We denote := limi^+oo So we have 

/ OO 

|l/((s)|ds < Ce~^\ 

which shows (08|) for the JL-supercritical case. 

For the JL-critical case, we set Zi{t) = teP^^yi{t). From (l39|) . yi{t) satisfies 

ty'l + 2y[ = e-P^^fi. (50) 


This and the equation Py” + 2ty[ = {t^y'i)' give that 

^ fi{s)ds 

-1 /*00 1 poo 

^ p j se"^i"/i(s)ds - ^ se~P^^fi{s)ds, (51) 

which gives that y[ G L^([l, oo)). So lim^^+oo yi{t) exists and we denote := limt^+oo yi{t). 
We set .^2 := se~^^^fi{s)ds. Then, from fl5T]) . we have 


yi{t) -fi + 


6 


< Ce 


—et 


t > 0 
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for some £ > 0, which shows (HHj) for the JL-critical case. 

Finally we consider the JL-subcritical case. From fH5|) . we have 


zi{t) = — + z[{0)^ {sinKt)e 2 * + Zi(0)(cosiFt)e 2 * 

^{sinKt) f (cosiFs)e°'^/^/i(s)(is — (cosiFt) / (siniFs)e°'*/^/i(s)(is ] . 


K 


We set := (cosiFs)e°'^/^/i(s)(is and 0^2 := /Q(siniFs)e'^^/^/i(s)(is. From Lemma 
EM we deduce that |ai|, \a 2 \ < +cxd. Therefore we obtain 


zi{t)- —[^zi{^) + z{{Q) + {sin Kt)e 2 * - (cosiFt)e 2 

O 

e^"|/i(s)Ms, 


X a ^ 


(62) 


which shows (IT8|) for the JL-subcritical case. 

Now we consider the L°°-estimate. For the JL-supercritical case, we set Y{t,6) : = 
e~Pi^w{t, 6) — ^iei{6). Then we have 


Ytt + {‘^Pi + + ^s,aY — 0 in M X (0, ^), 

lime^iE Ye cos“ 9 = qv^'^Ys + e~P^^g{wB) on R. 


(53) 


By the similar argument as given in Lemma 15.21 we know that there exists C > 0 such 
that 


sup ||F(r, Olloo < C* 

t-l<T<t+l 


rt+2 


/ \\Y{t, ■)\\2,adr \ +C sup e P^^\g{wB{T))\. 

lt-2 J t-2<T<t+2 


Since \g{wB{T))\ < Cw%{t), by a trace inequality and an interpolation, we have 

\g{wB{t))\ < Cwl{t) < C\\dew{t, •)||2,a|k(t, Olh.a < C\\w{t, •)llj2(5n-l)lk(^, Olll.a- 

Therefore, since ||'?r’(t, •)||.^ 2 ( 5 ^-i) is bounded, we deduce that \g{wB{t))\ < 
which yields the L°°-estimate for the JL-supercritical case. 

For the JL-critical and JL-subcritical case, the argument is similar, we omit them. 
The proof of this lemma is complete. 

Lemma 6.5 Let q be JL-supercritical, then .^1 > 0, where .^1 is the constant given in the 
previous lemma. 

Proof. Recalling that limt ^+00 2/i(t) = ■Cii we know that there exists a sequence {L}i6Ar 
such that 

lim yi{ti) = ^ 1 , lim y[{ti) = 0. 
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Integrating (H9|) on {t,ti) and taking a limit i oo, we obtain 

/ OO 

e~P'^"fi{s)ds. 

Note that both yi{t) and y'lit) converge to zero as t ^ —oo, we deduce that 

/ CXD 

-CO 

By the convexity of the function we have —g{w) = {Vb — w)'^— [V^ + qV^~^{— w)] > 0 
if tc 7 ^ 0, which yields that fi(t) = —g{wB(t))eiB > 0 if tc 7 ^ 0. This and the fact that 
2 p^ + (T > 0, we conclude that > 0. 

We complete the proof of this lemma. 


Lemma 6.6 Let q be JL-critical, then ^1 > 0. 


Proof. Since (1501) can be written as {tfy'i)' = te integrating on we obtain 

ty'iit) = t~^y'i{0) + e~^^"fi{s)ds, t > 1, 

which gives that ty'iit) = 0. As a consequence, since lim^^+oo 2/i(t) = ^ 1 , inte¬ 

grating (150|) on (t, 00 ), we obtain 


-(ty'iit) + yiit)) + ^ ''^"fiis)ds. 

Since ziit) = we have ty'iit) + yiit) = (—piZiit) -1- z'iit))e~P^''. Taking t —)■ 0, 

we have 

poo 

6 = (-pi^i(O) -F4(0)) / e~''^''fiis)ds. (54) 

Jo 

Similarly, integrating fl50ll on (—oo,f), we obtain 


ty'iit) + yiit) = / e P^''fiis)ds, 


where we have used the facts that ty'iit) = 0 and hmt^_oo 2/i(t) 

ty'iit) + yiit) = (—piZiit) + z'iit))e~^^'', taking t —)■ 0, we have 

i-piZiiO) + z'liO)) = f e~''^^fiis)ds. 

J —OO 


0. Since 


(55) 


Add (|5T|1 to (155|1 . we conclude that 

6 = 


e P^"fiis)ds, 


which yields > 0. The proof of this lemma is complete. 

For the JL-subcritical case, if (^ 1 ,^ 2 ) = 0, where (^ 1 ,^ 2 ) is given in fl48|) . then we will 
establish the following expansion with a smaller error. 
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Lemma 6.7 Let q be JL-subcritical and (^i, ^ 2 ) = 0, then there exists ^ < 0 and C, £ > 0 
such that 

\\e~P^^w{t,e) - Ce2\\2,a < Ce~^\ 

Moreover the norm || • || 2 ,a can be replaced by the norm || • ||oo. 

Proof. Since (^ 1 , 1 ^ 2 ) = 0, from fH71) and fl52l) . we have \zi{t)\ < Ce^C 2 */ 2 _ Then, by the 
same argument as in the proof of Lemma I6.3[ we obtain 

CX> 

^ \zi{t) \ < C'[e^ 3 * + \z 2 {t)\ < (56) 

i=3 

Now we set y 2 (t) = e~^^^Z 2 (t). Then y 2 (t) solves 

2/2 + (2P2 + V 2 - (57) 

By fl56|l we know that 2 / 2 (^) is bounded, so there exists a sequence {ti}i^N such that 
limj^oo 2 / 2 (^i) = 0. Then we have 

poo 

_e( 2 P 2 "+-)ij/'(t) = lim (t.) _ f2{s)ds. 

Hence from fl56l) . we deduce \y 2 {t)\ < As a consequence, there exists G M such 

that limt^oo 2 / 2 (ti) = ^ and 

\\e~P^^w{t,-) -^e2\\2,a < \\e~^^^w{t,-) - e~''^^Z2{t)e2\\2,a + ||(e"^2 *2;2(t) -0c2||2.a 

< ||e"^ 2 *[w(f, •) - 2 : 2 (t) 62 ] II 2 ,a + \\{y 2 {t) - 0 e 2 || 2 ,a 

< C'e-"*, 

where in the last inequality we have used fl56|) . the facts that | 2 ;i(t)| < C'e^C 2 h 2 
exponent decay of y 2 it). Integrating ([57|on (— 00 , 00 ), we obtain 

/ CXD 

e "^2 3/2(s)ds. 

•CO 

since 2 p^ + a < 0 and / 2 (s) = —g{wB{t))e 2 B > 0, we deduce that ^ < 0. Applying the 
same argument as given in Lemma [6.41 we obtain the L°°-estimate. 

We complete the proof of this lemma. 

Proof of Proposition IK1\ By Lemmas 16.4116.71 we immediately obtain Proposition 12.11 

Acknowledgment. The author is partially supported by NSFC, No 11101134 and 
NSFC, No 11371128. 
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